ON NONCOMMUTATIVE BASES OF THE FREE MODULE 
W n (K) OF ALL K-DERIVATIONS OF THE POLYNOMIAL 
RING IN n VARIABLES 



IEVGEN MAKEDONSKYI 

Abstract. Let K be an algebraically closed field of characteristic zero 
and R = £2, ...x n ] the polynomial ring in n variables over K. We 

study bases of the free _R-module W„(]K) of all K-derivations of the ring 
R, such that their linear span over K is a subalgebra of the Lie algebra 
Wn(K). We proved that for any Lie algebra L of dimension n over K 
there exists a subalgebra L of W^K) which is isomorphic to L and such 
that every K-basis of L is an J?-basis of the R- module W^K). 



1. Introduction 

Let K be an algebraically closed field of characteristic and W n (K) the 
Lie algebra of all K-derivations of the polynomial R = M,[x\,X2, ...x n ] m n 
variables over K. The structure of the Lie algebra W n (K) and its subalgebras 
was studied by many authors (see, for example, [U EJ E]). One of the most 
important problem here is the question about structure of finite dimensional 
subalgebras of iy n (IC). The description of all such subalgebras in Wi(lK) and 
W2 (K) in case of the field K = C of complex numbers can be easily obtained 
from the works of S.Lie |4]. There is no such a description for the Lie algebra 
W n (lK), n ^ 3, so it is of interest to study some classes of finite dimensional 
subalgebras of the algebra W n (IK) . 

Define one of such classes in the following way: a subalgebra L of W„(1K) 
of dimension n over K will be called basic, if every basis of the algebra L 
over K is a basis of the R- module W n (K). It is obvious, that the Lie algebra 
^(dfi> cJb' '"df - ) * s a ^ )enan an d basic. All abelian basic Lie subalgebras 
in Wn(K) are described in [5] (see also [6]): let /i,/2,---/n £ R such that 
det J(/i, f2, ■■■fn) £ K*, where J(f\, /2, ■■■f n ) is the Jacoby matrix of polyno- 
mials fi, /2, ...f n £ R. Then the derivations Di, . . . , D n & W n (K) defined by 
the conditions Di(h) = det J(fi, .../j_X; h, fi+i, ...fn) for any h € R pairwise 
commute and form a basis of the i?-module ^^(K). Conversely, every basis 
{Di, D2, ...D n } such that [Di,Dj] =0, i,j = l,...,n, can be obtained in 
such a way. But there exist also non-abelian basic subalgebras. For exam- 
ple, the two-dimensional subalgebra with a basis {g§^ + x 2~^, af^i f rom 
(K) is basic and non-abelian. The main result of the paper, Theorem [2l 
shows that every Lie algebra of dimension n over K is isomorphic to a basic 
subalgebra in W n (K) . In Theorem [TJ all nilpotent basic subalgebras of the 
Lie algebra W„(IK) are characterized. 
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We use standard notation in the paper (see, for example, [6]). The ground 
field K is algebraically closed of characteristic 0. The basis {g§^-, gf^j ■••gf - } 
of the free R- module W n (IK) will be called standard. Every another basis 
{Di,D2, ■ ■ ■ ,D n } can be obtained from the standard one by an invertible 
/ an a i2 ... a\ n \ 



matrix A 



«21 a 22 



1. 



,n. If wi, . . . , w r , 



&2n 



where A = a »ia§7 + • • • + a in 



J 



S R = ~K[xi, . . . , x n ] then by J(w\, 



be denoted the Jacoby matrix of these polynomials. 



,W r , 



d 

dx n ' 



will 



2. On nilpotent basic subalgebras 

Proposition 1. Let L be a basic Lie subalgebra in W n (K) and d an element 
of L. Then the trace of d in L by the adjoint representation is equal to its 
divergence taken with the opposite sign, i.e. trd = — divd 

Proof. Let {D±, D2, ...D n } be an arbitrary basis of the Lie algebra L over 



Let Dj 



an: 



basis, aij € R 



0^- + . . . + ajngj- be a decomposition of Di in standard 
K[xi, X2, ...x n ]. Since {D\, D2, ■■■D n \ is a basis of the free 
i?-module W n (K), it holds obviously A = det(ajj) € K*. By Lemma 2.3 

from [1], the divergences divDj = 5ZjLi an< ^ traces tr(ad-Dj) = X/?=i °ij 
satisfy the following relation: tr(ad-Dj) = Di(A) — div-Dj. Since Di(A) = 
we have tr(ad-Dj) = — divD,. The element d is a linear combination of Di 
with coefficients in IK therefore tr d = — div d. □ 

Corollary 1. If L is a semisimple or nilpotent basic subalgebra of W n (K) 
then L £ SW n (M>), where SW n (K) is the Lie algebra of all D € W^IK) such 
that divD = 0. 

Lemma 1. Let {Di, D2, ...Dn} be an arbitrary basis of the R-module W n (K) 
and [Di,Dj] = TIk=i c % D h for some cf, £ R = K[ Xi, X2, ■■■X n ]. Write down 



dxi ~ 2- 



1 hjDj for all i = 1, 



. n, where bij € R. 



Then 



(1) 



Ob 



'pk 



dx„ 







/or any p,q,k = 1, . . . , n. 

Conversely, let {D\, D2, ...Dn} be a basis of the R-module W n (M.). Define 
the elements bij from the equations = X]j=i^i^j- V these elements 
satisfy relations FT}) for some c\j G R, then [Di, Dj] = X]fc=i c ijDk- 

Proof. Using commutativity of the standard basis, we get: 



(2) 







_d d_ 



d d 



_d_ 

dx 



8 



p j= i 



for any p, q = 1, . . . , n. 



Observe that £-^ =1 b qj Dj = YT j= i b qj-^ D j + E]=il^ D j> analo ~ 
S° usl y' m- q Y%=ibpjDj = J2]=ibpj^- q Dj + EJ=i|fef- D j- If we combine 
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this with ([2]), we have the relation 

Substituting Y^j=i bpjDj and ^21=1 bqjDj instead of and respectively 



-7^-, we get the equality: 



fc- 



o = X> (t va) ^-f> ( E VA J D i+ ± - ^) D 

j=l \i=l / i=l \j=l J k=l V p q J 

It is easy to see that 

n / n \ n In \ n 

E 6 « Eva a - Ev E 6 «a a = E ^ 6 «' [a, a-]- 

j=l \i=l ) i=l \j=l J i,j=l 

Combining this with the decomposition [Di, Dj] = X^fc=i c ij^k, we obtain 
the relation: 

E v^4a + E(^-^)a = o. 

i,j,k=l k=l p q 

The derivations {D\, D 2 , ---Dn} are linearly independent over R, there- 
fore we have relation (1). This completes the proof of the first part of our 
statement. 

To prove the second part of the Lemma we define elements bij by the next 
relations: 

d - 

— =J2hjDj = l,...,n. 

Suppose the elements c^- satisfy relations ([T]). We have [Di,Dj] = 
Sfc=i lijDk f° r some 7^ G R, because {Di, D 2 , ...D n } is a basis of the 
.R-module W n (K). By the first part of this Lemma the elements 7k satisfy 

the relations ©, that is, YJl, j= i bpibgjlij + §f " §7 = °' The system © 
can be regarded as a linear system in n 3 variables c^-. This system can be 
decomposed into a direct sum of n linear systems: 

(3) E b pi b ti c ij + " = °> k is fixed > k = l...n. 

i,j=l p q 

Let us prove that the system © has a unique solution. It is easy to see, that 
this system has the following matrix 



/ bubu 


bnh 2 . 


■ bubi n . 


■ hnbn 


binh 2 . 


■ binbin 




bnb 2 i 


bnb 22 ■ 


■ bnb 2n ■ 


■ bi n b 2 i 


bi„.b 22 ■ 


■ bi n b 2n 




bnb nl 


bubra ■ 


■ bnbnn ■ 


■ binbnl 


bl n b n 2 ■ 


blnbnn 




\ b n ib n i 


b n ib n 2 ■ 


bnlbnn 


bnnbnl 


bnnb n 2 ■ 


bnn bnn 


) 
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Because this matrix is obviously the tensor square (bij) <g> (bij) of the matrix 
(bij) and the determinant det(&^) is invertible (because (bij) is a transition 
matrix between two bases), it holds det ((bij) g> (6y)) = (det(^)) 2n € K*. 
Therefore, the system @ has the unique solution 7. 



□ 



Now let L be an arbitrary n-dimensional Lie algebra over the field IK. Take 
a basis {l±, . . . , Z n } of algebra L and denote by the structure constants 

of L in this basis, that is [h,lj] = Efc=i c ^fc- ^ * s wen known that the 
tensor product R ®k L of an associative and commutative K-algebra R and 
the Lie algebra L is a Lie algebra over the field K. Further, we will always 
denote by R the polynomial algebra K[:ci, . . . , x n ]. Since the elements of the 
algebra R ®k L are of the form Y17=i(fi ® /» ^ * = 1> • • • > n ) the 
tensor product R (8>k £ is a free module of rank n over the ring R. The 
elements {1 (g) Zi, . . . , 1 (g) l n } form obviously a basis of this module. Using 
the multiplication law in L, we get the equality 



(4) 



fc=l \i,j=l 



for any elements / = Yn=l /*® k, 9 = Ya=i 9i®k & R®K L. 

For an arbitrary element / = YH=i fi®h^R ®K L and an arbitrary 



index p = 1, 

9f 



> n defme J£ 



E 



9fi 



Zj. It is easy to see that the 



map / h- > is a derivation of the Lie algebra R <8>k £ ( we w iH denote this 
map also by gf-)- Since the derivation acts on the coordinates of 
the element / = J^=i fi ® k, it holds jg-^g- - gg-gg- = for arbitrary 
p,q = 1, . . . , n. Denote by ^4 the abelian Lie subalgebra of Der(i?<8>K-^) with 
the basis {g§^-, gf^-, ■■■£§-} an d by L the subalgebra L = A + R ®k L of the 
semidirect product of Lie algebras Der(i? 0k L) A R (8>k 



Remark 1. Let L be a basic subalgebra of the Lie algebra W n (K). Then 
the equations ([TJ are equivalent to the following relations in the Lie algebra 
L: 



(5) 



\K,bq\ + 



— V 

dxJ 9 



dx„' p 



0. 



Since 
in the Lie algebra L 

(6) 



0, we can rewrite relations (JSJ) as the following relations 



a 







dx p dx q ^ 



0. 



Let L be a nilpotent Lie algebra over the field IK with dimL^ = n. By 
Engel's theorem, L has a flag of ideals L = lo 2 ^1 3 ■•■ 2 ^n-i 5 
£n = {0}. Take any elements Zj G Lj_i\Lj, i = 1, . . . ,n and consider the 
Lie algebra L constructed in such a way as it was mentioned above. The 
structure constants of L in the basis {Zi, . . . , Z n } satisfy the relations 



(7) 



0, if k ^ max(i, j) 
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Since the Lie algebra L is nilpotent, the tensor product R ®k L is also 
nilpotent. Then for any element w G R®^L the inner derivation adw of the 
Lie algebra L is nilpotent. We collect some properties of the Lie algebras 
R <S>k L and L in the following Lemma. 

Lemma 2. Let L be a nilpotent Lie algebra of dimension n over the field K. 
Lei {h, ■ ■ ■ ,l n } be a basis of L andw = Ya=1 Wi ® ^ ^ e an ar °itrary element 
of R <S>k L. Then it holds 

(1) adw is a nilpotent endomorphism of the R-module R ®k L, that is 
ad w( fu) = f ad w(u) for any f G R and u = Y^2=i u i®h G R ®K L; 

(2) ip = X^i^i h ( & d is an automorphism of the R-module R <S>k L; 

(3) if w = Y27=i Wi ® h i- s an element of R (8>k L with the property 
det J(wi, . . . , w n ) = c £ I*, then the set of elements 

is a basis of the free R-module R ®k L. In particular, writing b p = 
Ya=i bpi ® i« we /iave det(£ty-)£- =1 = c G K*. 

Proof. (1) Obvious. 

(2) As ad w7 is a nilpotent endomorphism of R- module R (g>K L, the map 
V 9 = 7f (aduJ)*~ is well defined and is an endomorphism of the R- 
module R (£>k L. Since ip = E + 7T ( a dw) i_1 is the sum of the identity 
and a nilpotent endomorphisms, the map ip is an automorphism of the free 
R- module R (g>K L. 

(3) Let w = Ya=i Wi ® ^ ^ e an e l emen t of R ®k L such that 
det J(wi, . . . , w n ) = c G K*. It is easy to see that the set of elements 
{ J^-, . . . , ^-} is a basis of the R- module R (8>k L. Since the map cp de- 
fined above is an automorphism of the i?-module R <8>k L, the set of ele- 
ments bp = P = l,...,n is the basis of this module. Therefore 
det(b ij )l j=1 = ceK*. □ 
Theorem 1. (1) Let L be an arbitrary nilpotent Lie algebra over any field 
IK of characteristic 0. Then there exists a basic subalgebra L ofW n (K), such 
that L is isomorphic to L (by that every basis of L over K is a basis of 
R-module W n (K) ). 

(2) Let L be a basic Lie subalgebra of W n (K) ; such that L is isomorphic 
to a nilpotent Lie algebra L with a basis {Zi,^ ■■■In}, satisfying the relations 
(0j 7 let Di be the images of the elements li by this isomorphism. Write down 
^ = Yl]=ibijDj, bp = Y^i=i b pi®li> P = 1, Then there exists an 

element w = ^27=1 w i®h £ R ®K L such that det J (wi,W2, ■■■w n ) G IK* and 
the following equalities hold: 

^ = gl(admr 1 (^),p=l,...,n 

(the number of nonzero summands in this series is finite because the Lie 
algebra R (g>K L is nilpotent). 

Proof. (1) Let L be a nilpotent Lie algebra over the field K of dimension n 
and {l±, I2, ■■■l n } be its basis such that the structure constants cf- satisfy the 
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relations ([7]). We will construct bij £ R,i,j = 1, • • • n, which satisfy relations 
([1]) and have property det(6jj)" J=1 £ IK*. If we consider the Lie algebra L, 
then by Remark [JJ the conditions JTJ) are equivalent to the conditions §§§ in 
the terms of L for b p = Y17=i ^p% ® ^> P = 1? ■ ■ • > n: 



5 r- 



Take an arbitrary element w 



d 1- 

+ b a 



dx 



0. 



dx, 



P 



1, 



identity operator. Note, that the relations 
dw 



Yh=i Wi®k £ L. Put b 
n, where as usually (adUJ) 



p ~ 
E is the 



J^(ad^) J 1 



i=l 



dx. 



oo 

E 

i=l 



^ (adTZJ)^ 1 



' dx r . 



oo j 



i=l 



9x r 



hold in the Lie algebra L for p = l,...,n. Therefore, we have the following 
equalities in the Lie algebra L: 

— +V — \-b 

dx„ p ' dx« 



A + g i (ad ^ (A) , + g i (adu;) < (JL) 



adui 



_5_ 



ado; 



(we took into account that e adw is an automorphism of the Lie algebra L 





^ad w 


' d 


d ' 






dx p 


8x q 



and 



d d 



,b n 



0, p,q= l,...,n). 

Thus, we have elements b\ = Ya=i ^li ®k, b 2 = J2i=i &2i ® k, ■ 
Y17=it>ni <8> h satisfying equations ([5]), then these elements satisfy also the 
equations JT]). 

Take any element w of i? ® L such that det J(uJ) € K*, for example, 
w = E^™ =1 X{ (g> li £ L. Let B^ 1 = A = (ojj) be the inverse matrix for £? (the 
matrix B = (bij) is invertible by Lemma[2]p.3). By Lemma[IJ the derivations 

A = Ei=l a ijWr^ = !> ••• n ' satisfy tne relations [A, A'] = Ylk=i c ij D k and 
det(ajj) € K*. We have shown that M.(Di, D%, ■■■D n ) is a basic subalgebra 
of W n (K), which is isomorphic to L. This completes the proof of part (1). 
(2) Take any elements 



E' 

i=i 



'li 



i=i 



1=1 



of i? ®k £ satisfying the relations • We will build an element w £ R <8>k ^ 
such that 6 p = Yli^i h (adw;) l_1 ( — ^-), p = 1, . . .n. This equality is equiv- 
alent to the relation e adw ( gf- 



(:).r, 



+ 6 p . Applying the automorphism 



_ad —w 



to the both sides of this relation, we obtain 
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Thus, we must prove that this equality holds for p = 1, . . . n. Consider 
( bx\ ... bi n 

the matrix B = '■ " ■ _ '■ | with entries that are coordinates of the 
\ b n \ ... b nr 

elements bx,...b n . Let mi be the number of the first nonzero column of B 
(for B = take w = 0, then jH]) obviously holds). Write the equations ([1]) 
for fe = m\: 

0) £ V^c- + ^ - ^ = 0, P ,q = 1, . . . ,n. 

i,j=l p q 

Since mi is the number of the first nonzero column of B, we have b p i = 
for i < mi, p = l,...n. On the other hand, if i ^ mi, then c^- = 
by © (because L is nilpotent). Hence ([§]) is equivalent to the equations 

q™ 1 gj-p 1 - = 0, p, g = 1, . . . n. Then there exists a polynomial hi such 

that b pmi = p = 1, . . . n (see, for example [U]). Denote hi = h\® l mi 

and consider the elements e ad ' 11 — h p = 1, . . . , n. Note that 
& p = E ® ^ = ® Zm i + £ ^ ® lu p = !)••• "> 

i=m\ " i=mi+l 

and therefore it holds 



^ <9/ii , ndhi I dh , , \ 

~/ mi +e adftl — <8>/ mi + 2^ &pi®ii ,p=l,...n. 



P — P V«* p i= mi +i 



<9x„ dx n \ dx 

Since 



i,^®imi] =0,wegete ad/l1 ® Z mi ) = §^ mi , p = 1, . . . n. 

It is easy to see that e adhl (X^ =mi+ i bpi <8> k) £ -R ® (Z mi+ i, . . . /„,), because 
R (g) (Z mi+ i, .../„) is an ideal of the algebra R<g) L. Then we have 

e Ma - + b P I = a a~ ® '»i + a~ ® + d P' 

for T p = e adhl (EILmi+l V ®k) £R® (l mi +i, ■■■In)- Therefore, 

Denote by d p j the coordinates of the element d p in basis {1 ® Zi, . . . , 1 <8> i n }, 
p = l,...,n, i.e. dp = ^™ = i dpi <8> /i- Consider the matrix D = 
f d\i ... di n \ 

'■ " • , . We have just proved that the first nonzero column 

V d n l ■ ■ ■ d n n J 

of the matrix D has the number m<i > m\. Analogously, applying the 
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automorphism e adft-1 to the elements ^ — h d p , p = l,...n, we get the el- 
ements — h /p. Define the elements fy, i,j = 1, . . . n from the equal- 
ities / p = YLl=i /p« ® ^- The first nonzero column in the matrix F = 
^ hi ■ ■ ■ fin ^ 

: : has the number 7713 > m^. It is obvious that after s 

\ fnl ■ ■ ■ fnn ) 

steps [s ^ n) we get the elements p = 1, . . . n with the corresponding 
zero matrix. Therefore e ad/ls . . . e adftl f ^ — h 6 p J = p = 1, . . . n. Since 



1 p 



the Lie algebra R®L is nilpotent, there exists (by Campbell-Baker-Hausdorff 
formula) an element w € R®L such that e adhs . . . e ad/l1 = e ad ~'"'. Finally, let 
L be a basic subalgebra which is isomorphic to L, {D\, . . . , D n } be a basis of 
L. Write = X)j=i ^pjDj, the isomorphism is defined by the map Zj i-> Dj. 

Then 6^ = 6 pi fc, satisfies (1), therefore V p = YZi \ ( ad ^Y^ («f| 

for an element w € R <8>k £ such that det J(w) is invertible. This completes 
the proof of the theorem. □ 
Example 1. Let L = H n be the 2n + 1-dimensional Heisenberg Lie algebra, 
{Zi, . . . , hn+i} be its standard basis with multiplication rule [k, l n +i] = hn+i 
for 1 < i ^ n, (other products are zero). Then, in this basis c?"^ = 1, 
c n +ti = — l,l^z^n, other structure constants are zero. Take w = 
Ya=i ~ x i ®h- It is clear that = — 1 ® l p and 



(10) bp = 1 ® Z p 



71 



® Zj, 1 <8> Zp 

.i=i 



1 ^ p ^ n 



in the Lie algebra L. Easy calculation shows that b p = \®l p + ^x p+n ®l2 n +i, 
p ^ n.bp = l<g>lp - \x p - n <g> Z 2 n+i, n < p ^ 2n and &2n+i = 1 <8> kn+i- It can 
be easily shown that det(frjj) = 1. Passing to the inverse matrix B^ 1 to the 
matrix B = (6pj)™ i=1 one can easily show that the linear span over K of the 
following derivations is a basic subalgebra of W 2n +i (K) which is isomorphic 
to 



' CI ■ 



_a_ _ 1 a 

Di — —X n -\-i— , 1 ^ l ^ 71, 

A = ~ V T^n-i ~ ,n < 1 ^ 2n, L> 2 n+i 



dx,; 2 OX 2n +l OX 2n +l 



3. On the solvable basic Lie subalgebras 

Some known properties of finite dimensional Lie algebras and modules 
over them are collected in the next Lemma. 

Lemma 3. Let L be a finite dimensional Lie algebra over an algebraically 
closed field of zero characteristic and let H be any its Cartan subalgebra. 
Then 

(1) if the algebra L is solvable, then L = H + [L, L]; 
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(2) if L is semisimple and L = iV_ © H © N + is its triangular decom- 
position, then the subalgebras N + and iV_ act nilpotently on every finite 
dimensional module M over the Lie algebra L. 

Proposition 2. Let L be an arbitrary n-dimensional (n 1) solvable Lie 
algebra over an algebraically closed field IK of zero characteristic, then there 
is a basic subalgebra L ofW n (K), such that L is isomorphic to L. 

Proof. Let H be any Cartan subalgebra of L. Take a basis {1%, . . . , l n } of L 
with the following property: {Zi, . . . , l m } is a basis of H, and if H(~)[L, L] ^ 0, 
then {h+i, ■ ■ ■ ,lm} is a basis of H D [L, L], m ^ k, {h+i, ■ ■ ■ ,ln} 1S a basis 
of [L, L]. Note that [L, L] is a nilpotent ideal of L because L is solvable and 
the field IK has zero characteristic; the subalgebra H is nilpotent as a Cartan 
subalgebra of L. 



Now, put w = 



Zj. Consider the linear map eft = Ya^i Jii 3 -^ w ) 



from the R- module H to itself (since H is nilpotent, the sum is finite). 

By Lemma [21 is an automorphism of the i?-module R®^H. As R®k {H H 
[L, L]) is an ideal of the algebra R ©k H, the map &dw saves the submodule 
R 8>jc (H H [L, L]). The set of elements {—1 © Zj}, i = 1, . . . , m is a basis of 
the .R-module R ©k H, so it is obvious that {</>(— 1 © Zj)}, i = 1, ... ,m is 
also a basis of R ©k ff. Further, the set {</>( — 1 © Zj)}, i = Zc + 1, . . . , m is a 
basis of the submodule R®^(H R [L,L]). Then, it is clear that the elements 
4>{— 1 © Zj), i = 1, . . . , Zc and —1 © Zj, i = A; + 1, . . . , m together form a basis 
of the i?-module R ©k H. 

Put d p = (f>(— 1 © = l,...,k and consider the automorphism 9 = 
exp ad w of the algebra H. Then we get for p = 1, . . . k: 



_d_ 

8Xr 



d 
dx p 

dw 
dx 



_d_ 

dx r 



+ 



w, 



d 

dx n 



+ 



1 




d ' 






w, 






2! 


' dx p 





+ 



1 

2! 



w 



It follows from this that 



dw 
' dx, 



+ 



_d_ 

dXr 



+ 



+ d 



d 

V dx a 



+ d 



<-).)■ , 



g 



T © Z„) 



_a §_ 

dx v ' (9x 



dXr 



+ d 



0, p,, 



1,. 



Zc. Consider the elements d p , p = 1, . . . k as elements of the algebra 



)L. Put d Tj 



of tu, that 



0,p 
= 0, , 



n. 



It is clear, taking into account the choice 



n. 



Therefore, 



S. L rj -Jl l_ A 



P' dx„ 



0, 



fe+1, 

= k + 1, 
p,g = l,...n. 

Now put u = YH=k+i x i ®h- Consider the linear map tp from the R- 
module i? © L to i? © L: = X/Si tt (ad U)* - -1 . (The sum is finite, because 
i? © [L, L] acts nilpotently on R © L and n G i? © [L, L]). By Lemma [2J -0 
is an automorphism of the R- module i?© L. It is obvious that the elements 
dp, p = 1, . . . k and —1 © Zj, i = k + 1, . . . n form together a basis of the 
i?-module R © L. Note that the set {—1 © Zj}, i = Zc + 1, . . . n is a basis of 
the i?-module R © [L, L], Therefore the elements 1 © Zj), i = Zc + 1, . . . n 
form a basis of the R- module R © [L, L]. 

Consider now the automorphism n = e adu = X]£o iK 3 *^) 4 °f the algebra 
L. Then, the elements rj(d p ), p = 1, . . . Zc and r/(— l©Z p ), p = k + 1, . . . n form 
a basis of the i?-module R<S>L, and the set n{ — l©Z p ), p = Zc+1, ... n is a basis 
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of the i?-submodule R ® [L, L\. Note, that ip(—l ®l p ), p = k-\- 1, . . . n is also 
a basis of the ii-submodule R&> [L, L\. Then, the elements n(d p ), p = 1, . . . k 
and — 1 <S>l p ), p = k+1, ■ ■ ■ n form together a basis of the i?-module R§t>L. 
Put bp = i](d p ), p = 1, . . . k and & p = ^(— 1 l p ), p = k + 1, . . . n. Writing 
down bp = J27=l(bpi ® ^i); we nave det(6 p j)" i=1 G K*. 



By construction of the element u, it holds 



7T7 9 



' OXr, 



for p = 1, ... k, so 



we have e 



adu I d 



<).t 



■, p = 1, . . . k. Note that 



d ^ d ^ 



<9x 



<9x r 



„adu/ r \ 



ad u 



It is easy to see, that for p = k + 1, . . . n it holds 

9 



<9u 

ox p 



it, 



dXr 



Hence, the relations 
d 



dx 



9 T- 

+b D ■■ 



dx. 



_d_ 

dx 



p 



1 



1 



+ ( E+ ^r(adu) + ^r(adu) 2 + 



2! 



3! 



(-184 



1 r u, -l g) y + y[u, [u, -i ® y] + . . . 



d_ 

dx. 



+ 



_d_ 

8Xr 



2! 



1 

+ 2! 



u, 



_d_ 

QXr 



„adi 



_d_ 

dx r . 



hold for p = k + 1, . . . n. Since d p = for p = k + 1, . . . n, we get 



Thus, 



— +F — +F 



+ b p 



„ad 1 



<9x r 



+ 4 



ad u 



ad it 



9 T- 9 -T 

a ^ "p, "5 1" d i 

dx rt ox 



0. 



Lp i^^q 

Therefore, by Lemma Q] there exists a basic subalgebra of W n (K) which is 
isomorphic to L. 

□ 



4. The main theorem 
Lemma 4. Let L be n- dimensional Lie algebra over an algebraically closed 
field 1C of zero characteristic. Let L = L\ + L2, where L\, L2 are subalgebras 
of L such that L\ n L2 = {0} 7 dimLi = m < n. Assume that the subalgebra 
L2 acts nilpotently (by means of multiplication) onL, that is (adL2) fc (L) = 
for some k. If there exists a basic subalgebra L\ of W m (K) such that L\ is 
isomorphic to L\, then there exists a basic subalgebra ofW n (K) such that L 
is isomorphic to the Lie algebra L. 
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Proof. Take a basis {li,...,l m } of the subalgebra L\ and a basis 
{l m +l , . . . , l n } of the subalgebra L<i- Then the elements li,...,l n form a 
basis of L. Denote by R± the subring K[xi, . . . ,x m ] of the polynomial ring 
R = K[xi,... , x m , x m _|_i, . . . , x n ]. Since there exists a basic subalgebra L\ of 
W m (K) such that L\ is isomorphic to L\, by Lemma ([T]) there exist elements 
dp = Y^ILi dpi <S)li & Ri <8>k Li, p = 1, . . . , m such that for the polynomials 
dpi the relation ([!]) holds with the structure constants of the algebra L\ and 



det(d 



pi/p,i=l 



GK*. As Li is a subalgebra of L, we have a natural embedding 



of the Lie algebra R\®L\ into R®L (an element d p 
maps to the element d p = Y17=i dpi®h £ R^kL, d. 



pi 



= for i = m+1, . . . n). 
Put dp = for p = m + 1, . . . n. Using Remark [TJ it is easy to see that the 
following relations hold in L: 

\ d — d —I 
(11) Vdp,- Vd q =0, p,q = l,...n. 



Put & = X^r=m+i x i®h € -R <8> ^2- By the assumption for the subalgebra 
L2, the derivation ad 6 of the Lie algebra R®L\s nilpotent and therefore the 
automorphism 9 = exp(adfr) of the Lie algebra R®L (and L) is well defined. 



Denote b„ 



d 

9x z 



+ (. 



d 



+ dp ) , p = 1 



n - Then vk 



+K = e 



a 

(l.r., 



+ d t 



and the following equalities hold: 



d d — 



dx. 



Ox 



+ b 



1 
_d 

dx 



n~ + d 
ox 



up 



p 



1 . 



. n. 



Let us show that the set of the elements b, 



i?-module R 1 

¥ = -— 

and then 



+ 



L. It holds 
_d_ 

dx 



v 



P 



0, p,q 

= 1, ... n is a basis of the free 



0_ 



dx 



v 
_d 

dx 



E + adb+-(adb) 2 + 



+ 















+ 




6, — 








' dx p 





+ ... 



p 
_d_ 

dx 



since 6, -73^- 
for p = m + 1 



-4 = ofor P 



1, 



Now consider the elements b„ 



. n. 



In this case d„ = 0. Therefore 



$3% 



+0 



— +3"' 
_d_ 

dx r . 



_d_ 

dx 7 



- + 



£ + ad 6+ ^(ad 6) 2 + 



_d_ 

dx 7 



+ 



_d_ 

dx r 



db 

dx n 



1 
2! 



6 — 



+ 
1 

' 3! 



' dx p 



+ 



b,— 

' dXr 



+ ■■■ 



b, 



b — 

' dx„ 
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(Because of nilpotency of ad b, the number of nonzero summands in this 
series is finite). 

Denote <fi = ( & d b) 1 ^ 1 . It is easy to see that <f> is an automorphism of 

the free i?-module R®L (see Lemma [2]). Since b = Y^H=m+l x i®h € R&L2, 
the i?-module R® L2 is invariant under action of eft. 

The set of elements d p , p = 1, . . . m and — = —1 (g> / p , p = m + 1, . . . n 
is a basis of the free .R-module R L (because this module is the direct 
sum of the i?-modules R ® L\ and R (g> L2). Then, the elements 9{d p ) , 

p = l,...m and o(-g), p = m + 1, . . . n form a basis oi R® L. Since 
is an automorphism of the free .R-module R §t> L2, the set of elements 
^— , p = m+ 1, . . . n is a basis of this submodule (note that the set of 

elements 6 ( — Jp- ) , p = m+ 1, . . . n is also a basis of Ri&Lz). It follows from 



db 



this that the elements 0(d p ) , p = 1, . . . m and f — gjjr- ) , p = m + 1, . . . n 
together form a basis of the free i?-module R®L. Then, using the equalities 
b p = 9(d p ) , p = l,...m and b p = p = m + l,...n, we see 

that {6 P } , p = 1, . . . n is a basis of the free .R-module Rtg> L, and therefore 
det(b p i)p i=1 € IK*. Hence, by Lemma [1] there exists a basic subalgebra L of 
W n (K) such that L is isomorphic to the Lie algebra L. 

□ 

Now we can prove the main theorem of this paper. 

Theorem 2. Let L be any Lie algebra L over K of dimension n ^ 1. Then 
there exists a basic subalgebra L ofW n (K) such that L is isomorphic to L. 

Proof. By Proposition [2] we may assume that L is not solvable. Let S = S(L) 
be the solvable radical of L, and L = Lq A S be the Levi decomposition of 
L, where Lq is a semisimple subalgebra of L. Let Hq C Lq be a Cartan 
subalgebra of Lo and let L = N_ © if © -W+ he the corresponding triangular 
decomposition for some choice of simple roots. Denote by Bq the Borel 
subalgebra Bq = Hq+N + of Lq. Then the subalgebra L\ = S+Bq is solvable, 
therefore by Proposition [2] there exists a basic subalgebra of Wfc(K), which 
is isomorphic to L±, where k = dimLi. Since L = L\ + JV_, L\ n iV_ = {0}, 
and the subalgebra 7V_ acts nilpotently (by multiplication) on the Lo-module 
L (see Lemma [3]) , there exists by Lemma 2] a basic subalgebra L of W n (K) 
such that L is isomorphic to the Lie algebra L. □ 

Example 2. Let L = SZ2O&) and {i?, if, F} be its standard basis over K. We 
shall construct a basic subalgebra of W3(K), which is isomorphic to L. As the 
Cartan subalgebra (if) of L is one-dimensional, the basic subalgebra (— ^-) 
of PFi(K) is isomorphic to (H). To the element H £ L corresponds the 
element 1 ® if in the Lie algebra L (see the Remark [T|) . The subalgebra N + 
has obviously generators E and [if, = 2E. Put w = X2 ® E. Therefore, 
we have 

/ OX\ 
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e ^^E(d\d_ 1 ^ E 

Further, iV_ has generators F and [H,F] = —2F, [E,F] = H. Analogously 
we obtain 

e ad(x 3 ®F) (JL + 2x 2 ®E-l®H 

\dxi 

d 

= — + 2x 2 ®E-{l + 2x 2 x 3 ) ®H- (2x 3 + 2x 2 x§) ® F 



e 



ad*S®F / # _ 1 ^ jB ] = _^__ 1 ^ jB + X3 ^ jff + a ,2 (g)i? 

\<9x 2 / <9x 2 

e ad*s®F fd \ = 9_ 1 ^ F 

\dx 3 J dx 3 

Then, using the inverse matrix to the matrix of these elements, we get a 
basis of W3 (K) . The linear span of this basis over K is isomorphic to the Lie 
algebra L = sZ 2 (!K): 

E = -x 3 — + 1 + 2x 2 x 3 7: xl — 

axi ax 2 0x3 

9 9 <9 ^ <9 

axi ax 2 0x3 0x3 

Remark 2. Since the set of all linear homogeneous derivations of W n (K) 
form a Lie algebra, which is isomorphic to gl n (K), there are embeddings of 
any n-dimensional Lie algebra L without center into W n (lK). But for the 
image L of L by such an embedding in W„(1K) and a basis {D±, . . . , D n } of 
L such that Di = Y^j=i A? af~> the determinant det(/ij) is not a constant. 
Therefore L is not a basic Lie subalgebra of W n (K) . 



The author is grateful to Professor A.P.Petravchuk for suggesting the prob- 
lem and for constant attention to this work. 
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